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Today’s Updates / Reminders

• PRWA (Article) submission is due at the end of the day 

TODAY. 

• No lab or HW due this week. 

• Homework 9 is open and due in a week and a half.

• Lab 8 – MATLAB – One-Way ANOVA opens Friday

• Exams have been published. You have one week to 

submit regrade requests.

Lecture 19
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Quick Review

ANOVA It is a method for comparing several (two or more) population means.  

We draw a SRS from each population and use the data to test the 

null hypothesis that the population means are all equal. 
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:  this H  is NOT the same thing as saying "all the means are differe "NOTE nt.
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Assumptions: 

Need independent SRSs from each population.

Populations assumed to be Normal with the same standard deviation (same 

width or spread).    

Hypothesis→

Need to check largest sample std < 2 (smallest sample std), then 

it is ok to pool variances and run ANOVA.  
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Test statistic  for ANOVA

F test statistic → F distribution

variation among the means of the groups
F test statistic = 

variation within the groups

Characteristics of the F Statistic:

• The F values are positive

• Its distribution (F distribution) is non-symmetric (skewed to the right)

• Mean of the distribution approximately 1. 

• F >>1 comes together with small P-val. → Evidence against null 
hypothesis. 
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Example One-way ANOVA
Suppose the USGA wants to compare mean distances associated with four different brands of 

golf balls when struck with a driver. The USGA’s robotic golfer, Iron Byron, uses a driver to hit a 

random sample of 10 balls of each brand in a random sequence. The distance is recorded for 

each hit and then results are shown below by brand: 

Treatment Distance (yards)

Brand A 254.2    248.7    251.3    254.4    264.9    253.6    257.5    248.1    258.0    252.8

Brand B 263.2    262.9    265.0    254.5    264.3    257.0    262.8    264.4    260.6    255.9

Brand C 269.7    263.2    277.5    267.4    270.5    265.5    270.7    272.9    275.6    266.5

Brand D 251.6    248.6    249.4    242.0    246.5    251.3    261.8    249.0    247.1    245.9

What is the factor?

Response variable?    

Number of groups (I )?   

Number  in each group(ni)?  

Total number of measurements?

Right click this link and choose Copy Link, and 

then in StatCrunch, choose Data, Load, From 

File, On the Web. Paste the link and change 

Delimiter to Comma

GolfBalls.csv

https://hamrick.wordpress.ncsu.edu/golfballs/
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1. Use graphical and numerical methods to describe the data: 

Lecture 19

Stat, Summary Stats, Columns

Graph, Boxplot

Graph, Means Plot
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ANOVA in StatCrunch

• Select all 4 columns, click Compute

• H0: µBrandA = µBrandB = µBrandC = μBrandD

• Ha: not all of the µ are the same (at 

least one is different)

• F = 36.85, p-value = <0.0001 < 0.05

• At 5% significance, reject H0.

• We have evidence that not all the 

population distances are the same.

• Sp = pooled estimate for the standard 

deviation = 𝑀𝑆𝐸 = 21.620278 =
4.6498

Lecture 19

Stat, ANOVA, One Way

We analyzed std 

dev already!
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It is an additional parameter given as output by some statistical packages:

It represents the percentage of variation in the data that is explained by the ANOVA model.

It estimates the standard error of the model, i.e. the error we produce when we pool the 

variances.

In this problem: 

Coefficient of Determination: 

2 SSG
R

SST
=

Lecture 19



ST 370

Output Calculations
• R2 =

• Pooled standard deviation

• MSE =

• F-Stat =

• P-value =

Lecture 19
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SALT Output

Lecture 19

To read this data for SALT, we 

must use column-based data, 

not a “spreadsheet” table. 

https://hamrick.wordpress.ncsu.edu/golfballs_r/
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Filling Out the ANOVA Table
• Using the previous slide, we are going back-fill this table given the two 

numbers in red. This is homework 9, #6.

• Btw, what is sp? R2?

Lecture 19
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Example

Lecture 19
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You’ve Rejected H0 – now what?

Bonferroni Corrections
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Suppose with ANOVA you reject H0 and …

You have evidence that not all the population means 

are the same.

But which means are different?

ANOVA won’t tell you that!

After rejecting H₀ using ANOVA we need to do something 

else→ Bonferroni Multiple Comparisons test will show 

the differences.

Lecture 19
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Bonferroni Multiple Comparisons
➢ It consists of simultaneous 2-sample comparison of means t tests. 

Each row of the output deals with one pair of means. For each pair: 
(H0: μ1 – μ2 = 0, Ha: μ1 – μ2 ≠ 0, for each 2-sample t test) 

➢ It tells you that there is a significant difference between 2 groups if:

– P-value ≤ α

– CI for that difference does NOT contain 0

(Remember Ha: μ1 – μ2 ≠ 0 (two-sided) & C + α = 100, 

then it is OK to use CI for significance test)

Lecture 19
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Bonferroni tests for our example

𝐻0: 𝜇𝐵𝑟𝑎𝑛𝑑𝐴 − 𝜇𝐵𝑟𝑎𝑛𝑑𝐵 = 0
𝐻𝑎: 𝜇𝐵𝑟𝑎𝑛𝑑𝐴 − 𝜇𝐵𝑟𝑎𝑛𝑑𝐵 ≠ 0

Lecture 19

𝐻0: 𝜇𝐵𝑟𝑎𝑛𝑑𝐴 − 𝜇𝐵𝑟𝑎𝑛𝑑𝐶 = 0
𝐻𝑎: 𝜇𝐵𝑟𝑎𝑛𝑑𝐴 − 𝜇𝐵𝑟𝑎𝑛𝑑𝐶 ≠ 0

𝐻0: 𝜇𝐵𝑟𝑎𝑛𝑑𝐴 − 𝜇𝐵𝑟𝑎𝑛𝑑𝐷 = 0
𝐻𝑎: 𝜇𝐵𝑟𝑎𝑛𝑑𝐴 − 𝜇𝐵𝑟𝑎𝑛𝑑𝐷 ≠ 0

𝐻0: 𝜇𝐵𝑟𝑎𝑛𝑑𝐵 − 𝜇𝐵𝑟𝑎𝑛𝑑𝐶 = 0
𝐻𝑎: 𝜇𝐵𝑟𝑎𝑛𝑑𝐵 − 𝜇𝐵𝑟𝑎𝑛𝑑𝐶 ≠ 0

𝐻0: 𝜇𝐵𝑟𝑎𝑛𝑑𝐵 − 𝜇𝐵𝑟𝑎𝑛𝑑𝐷 = 0
𝐻𝑎: 𝜇𝐵𝑟𝑎𝑛𝑑𝐵 − 𝜇𝐵𝑟𝑎𝑛𝑑𝐷 ≠ 0

𝐻0: 𝜇𝐵𝑟𝑎𝑛𝑑𝐶 − 𝜇𝐵𝑟𝑎𝑛𝑑𝐷 = 0
𝐻𝑎: 𝜇𝐵𝑟𝑎𝑛𝑑𝐶 − 𝜇𝐵𝑟𝑎𝑛𝑑𝐷 ≠ 0

How many ways can I compare pairs of 4 

items if order doesn’t matter?

nCr(4,2) = 6
If there are k treatment means, there are:

𝑐 =
𝑘(𝑘 − 1)

2
pairs of means that can be compared
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P-value for multiple comparisons

Lecture 19

Tests Reject Fail to Reject

BrandA – Brand B 0.05 0.95

… 0.05 0.95

BrandC – Brand D 0.05 0.95

ANOVA says we will reject at alpha = 0.05 

if at least one mean is different from one 

of the others. 

What is the opposite of at least one?

X (# of rejected H0’s) P(X)

x=0 nCr(4,0)*0.95*0.95*0.95*0.95 = 0.8145

x=1 nCr(4,1)*0.95*0.95*0.95*0.05 = 0.1715

x=2 nCr(4,2)*0.95*0.95*0.05*0.05 = 0.0135

x=3 nCr(4,3)*0.95*0.05*0.05*0.05 = 0.0005

x=4 nCr(4,4)*0.05*0.05*0.05*0.05 = 6.25e-6

If I do all 6 comparisons and use α = 0.05 for each 

test, I am going to proliferate my error past the 

original α for the one-way ANOVA

𝛼𝐸 = 1 − (1 − 𝛼𝐼)
𝑐, where c is the 

number of tests to be carried out
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More on Bonferroni
• The math for Bonferroni is the most simplified and avoids the use of specialized 

tables. Your text relies on Tukey. Other methods include LSD (least squares 

difference) and Dunnett.

• I made a few homemade homework questions to demonstrate Bonferroni and any 

exposition on it will come from my slides.

• Very simply stated, Bonferroni takes the alpha and splits it up among the number of 

paired tests. It is technically a post-hoc correction scheme to adjust the p-value 

resulting from the ANOVA.

• So, as we calculate this, we will find a t-test statistic for a pairwise comparison, find 

its p-value and we will multiply that by the number of tests.

𝑡 =
ҧ𝑥1 − ҧ𝑥2

𝑀𝑆𝐸 1
𝑛1

+
1
𝑛2

Lecture 19

α = 0.05

αBrandA-BrandB

= 0.05/6 = 

0.0083

αBrandA-BrandC

= 0.05/6 = 

0.0083

And so 

on for all 

6 tests

But instead of dividing alpha by 

the # of tests, we will multiply 

our p-values by the # of tests.

The downside: Bonferroni 

causes excessive β
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Bonferroni Comparison
• Let’s test Brand A vs. Brand D on the golf balls problem. So as stated before, we will 

use hypotheses:

𝐻0: 𝜇𝐵𝑟𝑎𝑛𝑑𝐴 − 𝜇𝐵𝑟𝑎𝑛𝑑𝐷 = 0
𝐻0: 𝜇𝐵𝑟𝑎𝑛𝑑𝐴 − 𝜇𝐵𝑟𝑎𝑛𝑑𝐷 ≠ 0

• Calculate the test statistic, find df (which is based on DFE), and then find p-value. 

Multiply a one-sided p-value by 2 for a two-tailed result. Then multiply by the number 

of possible comparisons.

Lecture 19
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Technology
• This is not a process you want to repeat often. 

Imagine having 5 groups and doing pairwise 

comparisons… nCr(5,2) = 10 calculations.

• Lab 8 is going to encourage us to use MATLAB.

• Let’s do the golf ball example together in MATLAB

(since your lab will follow this same process).

• Once you download the csv file to your computer, 

you need to load it into the MATLAB working 

directory.

• Right-click in the Files area and choose Upload 

Files and select the downloaded file.

• Then in the command window, type:

golfballs = readmatrix('golfballs.csv')

Lecture 19

https://hamrick.wordpress.ncsu.edu/golfballs/
https://matlab.mathworks.com/
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Lecture 19

• This command assumes the data are grouped in columns (and they are). When you 

put variables on the left side of the equals, MATLAB will assign each of them values.

>> [p tbl stats] = anova1(golfballs)

The final output, “stats”, is a structure 

array. This is the needed input to 

complete Bonferroni on the next step.
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• This command will invoke multiple comparisons. The default is Tukey, but there are many 

options… try erasing Bonferroni and typing quotes…

>> close all #I was having issues with the display of the means plot so close all will close other figure windows.

>> [c m h gnames] = multcompare(stats,"CriticalValueType","bonferroni")
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Bonferroni Output

• Looking more closely at the Bonferroni output…

Lecture 19

Groupi vs Groupj

( ҧ𝑥𝑖 − ҧ𝑥𝑗) ± 𝑚
CI Lower Limit CI Upper Limit P-value

1 = Brand A

2 = Brand B

3 = Brand C

4 = Brand D At 5% significance level,

We have evidence in favor 

of:

μBrandA-μBrandB≠0 

μBrandA-μBrandC≠0

We don’t have evidence in 

favor of μBrandA -μBrandD≠0 

We have evidence the population distance for Brand A (1) is 

significantly different from Brand B (2) and Brand C (3), but Brand A (1) 

and Brand D (4) are not significantly different from each other.

Continue the process for the 

remaining comparisons:

Brand B is different than C and 

D and Brand C is different than 

Brand D
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Appendix: Tukey’s Procedure

• Tukey’s procedure involves the use of another probability distribution called 

the Studentized range distribution. The distribution depends on two 

parameters: a numerator df m and a denominator df v.

• Let Q,m,n denote the upper-tail  critical value of the Studentized range 

distribution with m numerator df and v denominator df (analogous to F,v1,v2
).

• Values of Q,m,n are given in Appendix Table A.10.

• Since we are not really interested in the lower and upper limits of the 

various intervals but only in which include 0 and which do not, much of the 

arithmetic associated with the formula can be avoided.

Lecture 19



ST 370

Appendix: Tukey’s Procedure (the T Method)

• Suppose, for example, that I = 5 and that

x2 < x5 < x4 < x1 < x3 

Then

• 1. Consider first the smallest mean x2. If x5 – x2  w,

proceed to Step 2. However, if x5 – x2 < w, connect these first two means 

with a line segment. 

Then if possible extend this line segment even further to the right to the 

largest xi, that differs from x2. by less than w (so the line may connect two, 

three, or even more means).

Lecture 19



ST 370

Appendix: Tukey’s Procedure (the T Method)

• 2. Now move to x5 and again extend a line segment to 

the largest xi to its right that differs from x5, by less than 

w (it may not be possible to draw this line, or 

alternatively it may underscore just two means, or three, 

or even all four remaining means). 

3. Continue by moving to x4 and repeating, and then 

finally move to x1.

Lecture 19
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Appendix: Tukey’s Procedure (the T Method)

• To summarize, starting from each mean in the ordered list, a line 

segment is extended as far to the right as possible as long as the 

difference between the means is smaller than w.

• It is easily verified that a particular interval of the form indicated in 

the previous formula will contain 0 if and only if the corresponding 

pair of sample means is underscored by the same line segment.

Lecture 19
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Golf Balls Using Tukey (SALT and SAS)

Lecture 19

• Some textbooks/software show a different output style. 

There will be a bar extending over the group means and any 

groups that are not dissimilar will have a bar covering both.

• In this case, Brand A and Brand D are both covered by a 

green bar. The interpretation is that Brand A and Brand D are 

NOT different.

• The blue bar only covers Brand C which says that Brand C is 

different from all other groups.

• Sometimes, the means themselves are displayed in a row 

and the output looks something like:

where the overline covers the means that are similar.
269.95 261.06 254.35 249.32
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Test at end of Middle School: one-way ANOVA example

A study compared the scores of 

students from three different 

school corporations in a test 

taken at the end of middle school.

The results are shown in the table.

Breast-fed for: 4 months 5 months 6 months 

499 490 585 

620 395 647 

469 402 477 

485 177 445 

660 475 485 

588 617 703 

675 616 528 

517 587 465 

649 528  

209 518  

404 370  

738 431  

628 518  

609 639  

617 368  

704 538  

558 519  

653 506  

Energy Intake 
(kcal/d) 

548   

 

Corp.1 Corp.2 Corp.3

Today.uconn.edu
Lecture 19

School Data

https://drive.google.com/file/d/14aPevAxDK4Y3KrQjY0pd2sw0fIbUSRLC/view?usp=sharing
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Test at the end of Middle School example

Factor: 

Response variable:

I =

n1 = , n2 = , n3 = 

N = 

Lecture 19

Breast-fed for: 4 months 5 months 6 months 

499 490 585 

620 395 647 

469 402 477 

485 177 445 

660 475 485 

588 617 703 

675 616 528 

517 587 465 

649 528  

209 518  

404 370  

738 431  

628 518  

609 639  

617 368  

704 538  

558 519  

653 506  

Energy Intake 
(kcal/d) 

548   

 

Corp.1 Corp.2 Corp.3

School Data

https://drive.google.com/file/d/14aPevAxDK4Y3KrQjY0pd2sw0fIbUSRLC/view?usp=sharing
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Test at the end of Middle School summary statistics

Means and standard deviations for each group 

Is it appropriate to pool the variances?

Corp.

1

2

3

Lecture 19
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ANOVA

Energy

71288.325 2 35644.163 2.718 .078

550810.9 42 13114.545

622099.2 44

Between Groups

Within Groups

Total

Sum of

Squares df Mean Square F Sig.

Test at end of Middle School: one-way ANOVA
H0:  1 = 2 = 3

Ha:  Not all the population means are the same for these groups.

Assume α = 0.05

Lecture 19

Sp = 

R2 = 
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After running ANOVA: Interpret the ANOVA table

2

2

Coefficient of Determination:  R  (multiply by 100 to write as percent)

If  R  is close to 100, most of the error comes from the different groups.

Pooled standard deviation: it is the estip

SSG

SST

s MSE

=

= →

0

0

mate for  (populations std) 

Test-statistic for ANOVA F test-statistic (F distribution is right skewed)

If P-value  reject H perform Bonferroni

If P-value > do not reject H do not perform Bonferr







→

 → →

→ → oni

Lecture 19
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