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Today’s Updates / Reminders
• Lab 9 is due end of the day, the last day of class.

• Homework 10 will be due end of the day, the last day of class.

• I will hold an optional exam review on Sunday, May 3, SAS1102, 2-3pm. Final exam 

review and key have been published. It will be Panopto’d.

• More practice resources posted to Moodle. Slides to know which statistical test is 

appropriate, list of symbols used, and my schedule for the end of the semester.

• ClassEval open. Closes the morning of the first day of finals. Since this is just my 

third semester at NC State, please help me get better by filling one out.
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https://hamrick.wordpress.ncsu.edu/st370-final-exam-review/
https://hamrick.wordpress.ncsu.edu/st370-final-exam-review-key/
https://ncsu.hosted.panopto.com/Panopto/Pages/Viewer.aspx?id=4d7ac1d6-3fe2-4101-b8a8-b435011a81d0
https://hamrick.wordpress.ncsu.edu/st_what_test/
https://hamrick.wordpress.ncsu.edu/statistics-symbols/
https://hamrick.wordpress.ncsu.edu/sp26_end_of_semester_schedule/
http://go.ncsu.edu/cesurvey
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Example

• Moondollars is a coffee franchise that has many coffee stores all 

over the world. MoonDollars coffee is investigating a linear 

regression model to predict the annual income for a store based on 

the population of the city where the store is located. In the proposed 

regression model, annual store income is the response variable and 

population of the city is the explanatory variable.

• A random sample of 20 stores is selected and measurements are 

observed.

• Remember the trick? Right click, Copy Link and import from web in 

StatCrunch. Here is the data… moondollars.csv
Lecture 23
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Analysis
• Let’s complete all of the following:

– Create a scatterplot

– Find r, R2, and the line of best fit

– Predict the income of a store in a city of 2,120,000 and find the residual

– Predict the income of a store in Mexico City (9.2 million). Is this valid?

– Create a residual plot and check for linearity and constant variance

– Do a hypothesis test at α=0.05 for correlation… 𝑡 =
𝑟 𝑛−2

1−𝑟2
and 

StatCrunch

– Do a hypothesis test at α=0.05 for regression.

– Create a 95% CI for b1, a 95% CI for mean response for 2,120, and a 

95% PI for 2,120.
Lecture 23
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___ 4. From the coefficients output, at 5% significance level, we conclude that:

A.The population slope is positive because the lower and upper bound of the confidence interval for the slope are positive.

B.The population slope is positive because the B coefficient for PhysActWeek is 1.733.

C.The population slope is different from zero because the confidence interval for the slope doesn’t contain the zero value.

D.We cannot reach any conclusion about the population slope from the coefficients output.

Lecture 23
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Multiple Regression

Chapter 13
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Recap Simple Linear Regression: 

• The response y depends on one explanatory variable x

• Mean of the response y → (linear 

regression equation for the population)

• For any x, the response y is Normally distributed around 

this mean with a standard deviation σ that is the same 

for all x.

• Parameters of the model: 

0 1y x  = +

0 1, ,  

Lecture 23
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Multiple Linear Regression: 

• The response y depends on p explanatory variables:

• Mean of the response y →

(population multiple regression equation)

• For each set                        , the response y is Normally 

distributed around this mean with a standard deviation σ that 

is the same for all the possible sets                       .

• Parameters of the model: 

1, 2 ,..... px x x

0 1 1 2 2 ......y p px x x    = + + + +

1, 2 ,..... px x x

1, 2 ,..... px x x

0 1 2, , ,........., ,p    
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Data collection for multiple regression:

Simple linear regression→ n observations

Multiple linear regression:→ n observations

1 1

2 2

( , )

( , )

...........

............

( , )n n

x y

x y

x y

11 12 13 1 1

21 22 23 2 2

1 2 3

( , , ,..........., , )

( , , ,.........., , )

........................................

.........................................

( , , ,.........., , )

p

p

n n n np n

x x x x y

x x x x y

x x x x y

In software, you’ll have p+1 

columns, each one of 

length n
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Estimation of the multiple regression parameters:

As in simple linear regression → Least Squares method to 

obtain the estimators b of the regression coefficients β.

For a given observation, the predicted response is going to 

be: 

0 1

0 1

, ,...............,

denote the estimators of the parameters

, ,.............,

p

p

b b b

  

0 1 1 2 2
ˆ .............

ˆand the residual:  

p py b b x b x b x

e y y

= + + + +

= −

Equation for the 

sample regression line
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Degrees of Freedom in t-tests:

df = sample size – (# parameters needed to estimate the mean)

For 1 sample tests:

For simple linear regression:

For multiple linear regression:

0 one parameter -1df n = → → =

0 1 0 1two parameters: , - 2y x df n    = + → → =

0 1 1 0 1.... 1 parameters: , ,...,

1

y p p px x p

df n p

      = + + + → +

→ = − −

Where n is the sample size, and p is the number of explanatory variables. 

Lecture 23
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General procedure for Multiple Regression

• Look at the variables individually.

• Look at the variables in pairs (in particular, look at the correlations).

• Residual and Normal probability plots (to check assumptions).

• Perform a regression with all the explanatory variables.

• Interpret the results.  Are all the regression coefficients significant?  

• Refine the model (i.e., keep significant explanatory variables)

Lecture 23
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Software is mostly the same for both types 
of regression studies. 
Only two differences: 
• More than one explanatory variable in 

the independent variable box.
• Now we will lean more on the ANOVA 

output in the inference for the regression 
line!

Lecture 23
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Example: Willy Wonka’s chocolate factory is getting ready to launch a new candy bar. In
the process they have been advised to study the market to see how the amounts of fat,
sugar and artificial colors might relate to the popularity of the candy bar. Candy bars with
different amounts of fat, sugar and artificial colors are given to 30 seven-year-olds. After
eating the candy bar each kid is asked to answer ten questions related to how much they
liked it. A score between 0 and 60 is computed out of the ten questions.

Explanatory variables:

Response variable:

Sample size (or number of observations/cases):

Model’s parameters?  

Population’s Regression Line? 

Degrees of Freedom?

Lecture 23
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Let’s look at the correlations first:

Correlation (r) between 

popularity and fat

P-value for HT for the correlation 

between popularity and fat

To get the correlations output from StatCrunch, follow these steps:

1. Stat → Summary Stats → Correlation

2. Move variables into the box to the right

3. Tick box beside “Two-Sided P-value” then click ok.

Lecture 23

You can also go down to 

Sort rows by correlation 

with:

• Set column to: 

Popularity

• Set order to: 

Descending
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Significance Tests for the Correlation: 

0

Between Popularity and Fat:

H : 0 (Popularity and Fat are independent) 

H : 0 (Popularity and Fat are not independent)

P-value=0.002<0.05= reject the null hypothesis

We have evidence that popularity an

a







=



→

d fat  in the populationare not independent

We can test for independence of any pair of variables by looking 

at the corresponding P-value in the Correlations output.

We can also look at the scatterplots of any pair of variables.

Lecture 23
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Scatterplots of pairs of different variables

Between what variables 

do you think the correlation 

would be the largest?

Popularity and sugar

Between what variables 

do you think the 

correlation would 

be the smallest?

Popularity and fat

Lecture 23

Graph created using SPSS:

Graphs, Scatter/Dot, Matrix Scatter
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Correlations output:

Lecture 23

SPSS:

Analyze, Correlate, Bivariate
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Correlations:  Strongest → Weakest

Popularity & Sugar 0.756

Popularity & Artificial colors 0.704

Sugar & Artificial colors 0.654

Artificial colors & Fat 0.604

Popularity & Fat 0.550

Lecture 23
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Correlations between response and each 

explanatory variable:  Strongest → Weakest

Popularity & sugar 0.756

Popularity & artificial colors 0.704

Popularity & fat 0.550

Correlations between explanatory variables:  

Strongest and Weakest

sugar & artificial colors 0.654

artificial colors & fat 0.604

Lecture 23
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Multiple regression output

65.2%

10.1307

2 4994.476
100 65.2%

7662.887

102.631 10.13

R

s

= =

= =

To get the outputs in StatCrunch: Stat, 

Regression, Multiple Linear and move all 

predictors to the x-variable box!

Lecture 23

R2 = % of variation in 

popularity that is 

explained by the 

regression line with 

these explanatory 

variables

s = estimate for standard 

deviation of the model (σ)
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The inference for the multiple regression line has two steps:

1. ANOVA F test for multiple regression
Aiming at writing:

Hypothesis for ANOVA test in multiple linear regression

H0:  βA = βS = βF = 0            (we are not going to look at the intercept)

Ha:  Not all the βs are 0

From ANOVA output:

If P-val < α →Reject H0→ Keep going! At least one of the coefficients is 

different from zero; it means there is a linear relationship in the population.  

If P-val > α→ Do not reject H0→ Stop!  (It means there is no linear association 

in the population)

0

0 0

ˆ

ˆwhere = Predicted Popularity, =Artificial color, =Sugar, =Fat

and , , ,  are the estimates of , , ,

P A A S S F F

P A S F

A S F A S F

Y b b x b x b x

Y x x x

b b b b    

= + + +

Lecture 23



ST 370

ANOVA F test for multiple regression

H0:  βA = βS = βF = 0

Ha:  Not all the βs are 0

F = 16.221, P-value = 0.000 < 0.05→ reject H0.

We have evidence that at least one of these 

regression coefficients is different from zero →

the response variable has a linear association 

with at least one explanatory variable in the 

population.

Model   
Sum of 

Squares df Mean Square F Sig. 

1 Regression 4994.476 3 1664.825 16.221 .000(a) 

  Residual 2668.411 26 102.631     

  Total 7662.887 29       
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Source Sum of Squares df Mean Square F

Model SSM p 𝑆𝑆𝑀

𝑝

𝑀𝑆𝑀

𝑀𝑆𝐸

Error SSE n – (p + 1) 𝑆𝑆𝐸

𝑛 − (𝑝 + 1)

Total SST n - 1

𝑅2 =
𝑆𝑆𝑀

𝑆𝑆𝑇
= 1−

𝑆𝑆𝐸

𝑆𝑆𝑇
𝑅𝑎𝑑𝑗
2 = 1−

𝑀𝑆𝐸

"𝑀𝑆𝑇"
= 1−

𝑀𝑆𝐸

Τ𝑆𝑆𝑇 𝑁−1
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2. Multiple regression results b→ Coefficients output

What is the predicted value of popularity for 4gr of sugar, 1gr of artificial colors, and 2gr of fat? 

Equation for multiple regression?

If the value of popularity for 4gr of sugar, 1gr of artificial colors, and 2gr of fat is 6.5, find the residual:

Lecture 23
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Multiple regression results

Are all the coefficients significant?→Individual t-tests  

Equation for multiple regression?

Lecture 23
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3. Individual coefficients’ t-tests: t-test on each xi takes into account that we are using 

xi as well as the other variables to build the model. (df = n-p-1; n: number of data; p: number of 

explanatory variables) (Consider α = 0.05)

T-test for Artificial Color
H0:  βA = 0

Ha:  βA ≠ 0 

t = 2.280, P-value = 0.031 < α

→ Reject H0

Evidence that Artificial Color is 

significant 

T-test for Sugar:

H0:  βS = 0

Ha:  βS ≠ 0 

t = 3.133, P-value = 0.004 < α

→ Reject H0

Evidence that Sugar is significant

T-test for Fat:

H0:  βF = 0

Ha:  βF ≠ 0

t = 0.073, P-value = 0.942 > α

→Do not reject H0

Evidence that Fat is NOT significant

Can we refine the model?

Can we choose one 

explanatory variable to 

leave out?

Lecture 23
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When refining the model how do we decide if eliminating an 

explanatory variable produced a good change or a bad change?

Good changes:

• R2 decreases by less than 3%

• s decreases 

• F increases, P-value decreases (from the ANOVA output)

• We have less number of coefficients with P-values > α

OK changes:

• R2 decreases by less than 3%

• s increases by less than 3%

Bad changes:

• R2 decreases by more than 3%

• s increases by more than 3% 

• F decreases, P-value increases (from the ANOVA output)

Lecture 23
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When working with software we need to 

remove the explanatory variable that we 

want to eliminate (in this case, Fat) from 

the independent variable box (move it 

back to the left). Then, we rerun the 

multiple regression test. 

Lecture 23
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StatCrunch outputs for the refined model (no Fat)

Look at the changes in R2?  s?   F?   and P-value? 

Are they bad/ok/good? Any not significant variable?
Lecture 23
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After removing the variable “Fat”: Comparing the 2 models

Original 

(all 3 

explanatory

variables)

New

(only sugar

and artificial 

color)

Change

R2 65.2% 65.2% None (Good)

s 10.1307 9.9424 Dropped (Good)

F, P-value 16.221, 0 25.260, 0 F increased (Good), and 

P-value is still very small 

(Good)

Insignificant

explanatory

variables

Acetic

None

The remaining variables are 

significant (Good)
Fat

Lecture 23
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Regression line for refined model
Keeping just artificial color and sugar model is:

Using this model, predict the popularity rating for 4gr of sugar and 1gr of artificial colors

If the popularity score for 4gr of sugar and 1gr of artificial color is 6.5, find the residual: 

Is there any other 

variable that can be 

left out? 

Lecture 23
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Checking for assumptions: Residuals and Normality Plots

What kind of plot will let us see if the model assumptions are met?

• Scatterplot (y vs. x): Let us check if µy=β0+β1x.  If we see the data are aligned in 
the scatterplot (linear pattern) → assumption 3 is established.

• Residual plot ( (y-ŷ) vs. x): Let us check linearity (values spread around zero) 
and if different values of y for a given x are independent (assumption 1). Let us 
see if the we could have the same σ (for example, if the spread of data around 0 
line is similar for all values of x, that indicates assumption 4 is met)

• Normal probability plot for the residuals: check for assumption 2: y Normally 
distributed. The residuals are also Normally distributed with mean equal zero. If the 
Normal probability plot for the residuals shows a linear behavior → Normality.

Lecture 23
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Residual plots and Normal probability plot for the refined model

Lecture 23

In StatCrunch, top 

left plot comes 

from Graphs dialog 

box, Residuals vs. 

Predicted. 

For others, 

generate the 

residuals. Under 

Save dialog box, 

select Residuals.

Then do Graph, 

Scatterplot and 

Graph, QQ Plot
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Example

• What is a good predictor for a final exam score?

– Homework average?

– Previous exams?

– PRWA?

– Labs?

• We can run multiple regression and see what we find!
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1. Name the explanatory variables and the response 

variable.

Explanatory variables:                  Response:

2. According to the scatterplots, the pair of variables that 

shows the strongest correlation is:

A. Longevity & Sleep

B. Longevity & Thorax

C. Thorax & Sleep

Lecture 23
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To see if two variables are independent in the population we need to look at:

A. Correlations output

B. Model Summary

C. ANOVA output

D. Coefficients output

Lecture 23
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Regarding the population we can conclude:

A. There is evidence that Longevity & Thorax are not independent in the population 

because Sig.=0

B. There is no evidence that Longevity & Thorax are not independent in the population 

because Sig.=0

C. There is evidence that Longevity & Thorax are not correlated in the population 

because Sig.=0

D. There is no evidence that Longevity & Thorax are correlated in the population because 

Sig.=0

There is evidence that the correlation between 

Longevity & Thorax is:

A. 0.636 in the sample

B. 0.636 in the population

Lecture 23
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6. The small significance (P-value) in the ANOVA output indicates:

A. There is evidence that all the coefficients in the population’s regression model are different 

from zero.

B. There is evidence that at least one coefficient in the population’s regression model is 

different from zero.

7. To write down the equation for the regression line we need to look at:

A. Correlations output

B. Model Summary

C. ANOVA output

D. Coefficients output

8. Write down the regression model for the predicted Longevity in terms of Thorax and Sleep:

9. Choose the most appropriate answer; assume 5% significance level.

A. There is no need to drop any explanatory variable since both are significant.

B. I would choose to rerun the model without Thorax.

C. I would choose to rerun the model without Sleep.
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